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WAVE KERNEL FOR SCHRO¨DINGER
OPERATOR WITH A LIOUVILLE
POTENTIAL
Yehdhih Mohamed Abdelhaye, Badahi Mohamed and Mohamed
Vall Moustapha
Abstract
In this note we give an explicit formula for the wave equa-
tion associated to the Schrodinger operator with a Liouville
Potential with applications to the telegraph equation as well
as the wave equation on the hyperbolic plane.
Introduction:Consider the following linear wave equation
(α)[ ∂
2
∂X2
− k2e2X ]U(t, X) = ∂2
∂t2
U(t, X)
(β) U(0, X) = 0, ∂
∂t
U(0, X) = f(X), f ∈ C∞0 (R)
where for k ∈ R; Λk = ∂2
∂X2
− k2e2X is the Schrodinger operator with a Liou-
ville potential. It is known that −Λk is self-adjoint positive definite and has
an absolute continuous spectrum as well as a points spectrum. A review of
the Liouville potential problems is, however, outside the scope of this paper,
and the importance of the subject for both theory and application in math-
ematics and physics may be found in literature [3]. For example the purely
vibrational levels of diatomic molecules with angular momentum l = 0 have
been described by the Liouville potential for long time [7]. Another appli-
cation is in string theory : the equation (α) is the equation of motion for a
re-scaled tachyon field and is nothing but Wheeler-de Wit equation satisfied
by the macroscopic loop [6].
The purpose of this paper is to give an explicit solution of the Cauchy prob-
lem (α), (β).
Lemma 1. Set:
(1)Z = |k|
√
2eX+X′(cosh t− cosh(X −X ′)))
then we have:
(2) ∂Z
∂X
= 1
2
Z − k2eX+X′ sinh(X −X ′)Z−1
(3) ∂
2Z
∂X2
= 1
4
Z − k2e2XZ−1 − k4e2X+2X′ sinh2(X −X ′)Z−3
1
(4)∂Z
∂t
= k2eX+X
′
sinh tZ−1
(5)∂
2Z
∂t2
= k2eX+X
′
cosh tZ−1 − k4e2X+2X′ sinh2 tZ−3
The proof of this Lemma is strait forward calculation and in consequence is
left to the reader.
Proposition 2.The general solution of the wave equation (α) is given by:
Wk(t, X,X
′) = aJ0(|k|
√
2eX+X′(cosh t− cosh(X −X ′))) +
+ bY0(|k|
√
2eX+X′(cosh t− cosh(X −X ′))) where a, b ∈ C and J0, Y0 are
Bessel functions of the first and second kind respectively.
Proof. Let
(6)D = ∂
2W (t,X,X′)
∂X2
−∂2W (t,X,X′
∂t2
=
[
( ∂Z
∂X
)2 − (∂Z
∂t
)2
]
Φ′′(Z)+
[
∂2Z
∂X2
− ∂2Z
∂t2
]
Φ′(Z).
where.
(7) W (t, X,X ′) = Φ(Z)
using the formulas (2), (3), (4) and (5) we obtain
(8)D = [1
4
Z2−k2eX+X′ sinh(X−X ′)+k4e2X+2X′ [sinh2(X−X ′)−sinh2 t]Z−2]Φ′′(Z)+
[1
4
Z−k2e2XZ−1−k2eX+X′ cosh tZ−1+k4e2X+2X′ [sinh2 t−sinh2(X−X ′)]Z−3]Φ′(Z)
from the Bessel equation [5] p.98
Z2Φ′′(Z) + ZΦ′(Z) + (Z2 − ν2)Φ(Z) = 0
for ν = 0 and Z 6= 0 we have
Φ′′(Z) = −Z−1Φ′(Z)− Φ(Z).
replacing in (8) we obtain.
D = [1
4
Z2−k2eX+X′(cosh(X−X ′)+cosh t)Z−1−k4e2X+2X′(sinh2(X−X ′)−
sinh2 t)×
Z−3]Φ′(Z) + [1
2
k2eX+X
′
(cosh(X −X ′) + cosh t)− k4e2X+2X′(sinh2(X −X ′)−
sinh2 t)Z−2]Φ(Z)
+k2e2XΦ(Z).
(9) D = A(t, X,X ′)[2Z−1Φ′(Z) + Φ(Z)] + k2e2XΦ(Z).
with
A(t, X,X ′) = −1
2
k2eX+X
′
(cosh(X −X ′) + cosh t)− k4e2X+2X′(sinh2(X −X ′)− sinh2 t)Z−2
taking into account (1) and the formula sinh2 y − sinh2 z = cosh2 y − cosh2 z
we obtain A(t, X,X ′) = 0, and the proof of the proposition is finished.
Theorem 3. The Cauchy problem (α), (β) for the wave equation with a
Liouville Potential has the unique solution given by:
U(t, X) =
∫
|X−X′|<t
J0(|k|
√
2eX+X′(cosh t− cosh(X −X ′)))f(X ′)dX ′
Proof By the proposition 2 and the fact that the uniqueness of the solution
of the problem (α), (β) is a consequence of the classical theory of hyperbolic
2
operator; the proof of the theorem will be finished by showing limit conditions
(β).
For this, set sinh(X−X
′
2
) = z sinh t
2
to get
(10)U(t, X) =
∫ 1
0 J0(2|k| sinh t2
√
eX+X
′(1− z2))[f(X + 2 arg sinh(z sinh t
2
)) +
f(X − 2 arg sinh(z sinh t
2
))]
sinh t
2√
(1+z2 sinh2 t
2
)
dz.
And it is not hard to see the limit conditions (β) from (10) and the formula
[5] p.134
Jν(x) ≈ x
ν
2νΓ(1 + ν)
; x→ 0.
We give some applications of the theorem:
1-Replacing k by k
λ
,X by λX and t by λt and letting λ → 0 in (α),(β) we
get the solution of the Cauchy problem for the wave equation with constant
potential:
(a)
[
∂2
∂X2
− k2
]
U(t, X) = ∂
2
∂t2
U(t, X);
(b)U(0, X) = 0, ∂
∂t
U(0, X) = f(X), f ∈ C∞0 (R)
Corollary 4. The Cauchy problem (a), (b) for the classical wave equation
with constant potential has the unique solution given by
U(t, X) =
∫
|X−X′|<t
J0(|k|
√
(t2 − (X −X ′)2))f(X ′)dX ′
Note that the telegraph equation satisfied by the voltage or the current v as
a function of the time t and the position X along the cable from initial point;
(a)′ ∂
2
∂X2
v(t, X) = ∂
2
∂t2
v(t, X) + (α + β) ∂
∂t
v(t, X) + αβv(t, X)
(b)′v(0, X) = 0, ∂
∂t
v(0, X) = f(X), f ∈ C∞0 (R)
can be reduced to the wave equation with constant potential (a), (b); where
k = (α−β)
2
4
;by introducing U = e((α+β)/2)tv see [1] p.192-193;695.
2-Consider the following Cauchy problem for the wave equation on the hy-
perbolic plane [4]
(a)′′Lu(t, w) = ∂
2
∂t2
u(t, X)
(b)′′u(0, w) = 0, ∂
∂t
u(0, w) = f(w), f ∈ C∞0 (H2)
where L = ∆+ 1
4
and ∆ is the Laplace Beltrami operator of the hyperbolic
plane.
Corollary 5. The Cauchy problem (a)′′, (b)′′ for the wave equation on the
hyperbolic plane has the unique solution given by
u(t, w) =
1√
2pi
∫
d(w,w′)<t
(cosh t− cosh d(w,w′))− 12 f(w′)dµ(w′)
3
where d(w,w′) is the geodesic distance on H2.
Proof. Let H2 = {w = x+ iy; x ∈ R, y > 0} denote the Poincare upper half
plane with the usual hyperbolic metric:
(11)ds2 = dx
2+dy2
y2
.
the corresponding geodesic distance d(w,w′) is given by
(12) cosh d(w,w′) = (x−x
′)2+y2+y′2
2yy′
The measure associated to the metric ds is
(13)dµ(y) = y−2dxdy.
and the Laplace Beltrami operator of the manifold (H2, ds) is
(14)∆ = y2( ∂
2
∂x2
+ ∂
2
∂y2
).
The Cauchy problem (a)′′, (b)′′ becomes[
y2(
∂2
∂y2
+
∂2
∂x2
) +
1
4
]
u(t, w) =
∂2u(t, w)
∂t2
u(0, w) = 0,
∂u(0, w)
∂t
= f(w), f ∈ C∞0 (H2)
The Fourier transform with respect to the variable x gives[
y2 ∂
2
∂y2
− k2y2 + 1
4
]
uˆ(t, k, y) = ∂uˆ(t,k,y)
∂t2
uˆ(0, k, y) = 0, ∂uˆ(0,k,y)
∂t
= fˆ(k, y), f ∈ C∞0 (H2).
Set
(15)uˆ(t, k, y) = y
1
2v(t, k, y)
(16)y = eX
(17)v(t, k, y) = U(t, k,X)
We obtain
[ ∂
2
∂X2
− k2e2X ]U(t, k,X) = ∂2
∂t2
U(t, k,X)
U(0, k,X) = 0, ∂
∂t
U(0, k,X) = g(k,X), f ∈ C∞0 (H2);
with
(18) g(k,X) = e−
X
2 fˆ(k, eX)
Using the theorem 3 we get
U(t, k,X) =
∫
|X−X′|<t
J0(|k|
√
2eX+X′(cosh t− cosh(X −X ′)))g(k,X ′)dX ′
From (18),(17),(16) and (15) we obtain
u(t, w) =
√
yy′
2pi
∫∞
−∞
∫
| ln y
y′
|<t
∫∞
−∞ e
−ik(x−x′)×
J0(|k|
√
2yy′ cosh t− y2 − y′2))dkf(x′, y′)dx
′dy′
y′2
4
u(t, w) =
√
yy′
pi
∫∞
−∞
∫
| ln y
y′
|<t
∫∞
0 cos k(x− x′)×
J0(k
√
2yy′ cosh t− y2 − y′2))dkf(x′, y′)dx
′dy′
y′2
and hence by the formula 7.165 p.182 of [2],∫ ∞
0
cosutJ0(at)dt =
{
(a2 − u2)− 12 if u < a
0 u > a
and the formulas (12) and (13) we get the proof of the corollary.
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